1. The probability density function (PDF) of a random variable X is given by:

2z if0<z <1,
f(x) = .
0  otherwise.

e (a) Find the cumulative distribution function (CDF) F(z).
e (b) Find the inverse CDF F~!(u) for u € [0, 1].
e (c) Using the inverse CDF, calculate the value of X if:

—u=0.2,
— u=0.8.

e (d) Verify that if u ~ U[0,1], z = F~!(u) follows the PDF f(z).
Solution:

e Find the CDF F(z):
The CDF is the integral of the PDF:

F(x):/ f(t)dt:/ 2tdt = [t*]; =2 for0<az <L
0 0

For all z, the CDF is:

if x <0,
F(z)=<2? if0<x<1,
1 ifx>1.

¢ Find the inverse CDF F~!(u):
For u € [0, 1], solve F(z) = u:

Thus, the inverse CDF is:

F~Yu) = Vu.
e Calculate X for given u:
— For u =0.2:
X =+0.2 = 0.447.
— For u =0.8:

X =+v0.8~0.894.



e Derive PDF:
We aim to derive the PDF of X = /U, where U ~ Uniform(0, 1).

The PDF of U is:
1, fo<u<l,

Julw) = {O, otherwise.

The transformation is X = /U, or equivalently U = X2. Using the
transformation formula:

du

Fx(@) = fulo) |5

)

where u = X2.

From u = X2, the derivative is:

du
= =2
dx v

Substituting fy(u) =1 and g—g = 2x, we get:

fx(@)=1-|2z| = 2z.

The range of X is determined by the range of U. Since U € [0, 1] and
X =+U, X €10,1]. Thus:

Fx (@) 2z, if0<z<1,
xTr) =
X 0, otherwise.

Finally, verify normalization:

1 1
/fx(x)da:z/ 2xdx:[:r2](1):1.
0 0
The PDF of X = U is:

Fx(@) 2z, if0<x<1,
xTr) =
X 0, otherwise.

2. Show that if x ~ N(0,I), then z = Lx + p (L invertible) is multivariate
normal with mean g and covariance ¥ = LL7T.
Solution:
Let:
z =Lx+ p.

Rewriting x in terms of z:
X = Lil(z - “’)7



as L is invertible.
The PDF of x ~ N(0,1) is:

Using the change of variables formula:

fa(2) = fx(L7 (2 — p)) - [det(L7H)] .

and
fult) = — LT )T ) et (L))

Simplify:

1 1 T —1\Ty —1
- = 5z T LT (z—p)
f+(2) @m)2[det(L)]

The mean of z is:
Elz] = E[Lx + pu] = LE[x] + p.

Since E[x] = 0:
Elz] = p.

The covariance of z is:
Cov(z) = E[(z — E[z])(z — E[2])"].
Substituting z — E[z] = Lx:
Cov(z) = E[Lx(Lx)”] = LE[xx"|L”.
Since E[xxT] = I (identity matrix):

Cov(z) = LILT = LL”.



