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Review of variance minimization

Choose a proposal ¢(x;n) from a parameterized family.

= 1T | p(Xi) iid
Iis = ﬁ ;f(Xz)ma Xi~ Q(',TZ)-

e Select 7 to reduce the estimator’s variance.
e The objective usually involves an expectation.
e A sample average approximation gives a finite-sum objective.

We must also be able to sample from the chosen proposal.



Review of exponential tilting

For a natural exponential family,
p(x;9) = h(z) exp{dTz — A(0)}.
An admissible linear exponential tilt gives

ao(z) < ¥ Tp(a ) = qo(a) = p(x; 00 + 0).

e The proposal stays in the same family.

e A sampler for that family can often be reused.

For p = N(u, X), the tilted law is N(u + X6, Y%).



A density known up to a constant

Suppose we can evaluate pg(z), but only know

p(x) = cppo(x) or equivalently p(z) o po(x).

The density must integrate to one:

1= cp/po(ac) dx, cp = (/po(x) dac)_l.

e po is known and nonnegative.

e The integral is positive and finite, but may be hard to compute.

The shape is available even when its normalizing constant is not.



A simple illustration with a normal density

Suppose we are given only

Here we can evaluate the integral explicitly:

/_O:Opo(x) dx = \/2m.

Therefore

For a complicated high-dimensional p, this integral can be impractical.



Bayesian posteriors often have this form

With observed data y and unknown parameter 6,

_ oy [ 0)p(0)

p(@y) o)

) = [ply| o6 as.

e We may be able to evaluate the likelihood and prior.

e The integral p(y) can be difficult to evaluate.
p(0 ] y) ply | 9)p(6)
—_———

computable unnormalized posterior



The target and the proposal

We want

Choose a proposal
q = Cqqo-

We can evaluate py and go, and can sample from q.

If ¢ is known exactly, set g = g and ¢, = 1.
e Require ¢ > 0 wherever p > 0, up to null sets.
Assume E,[| f(X)]|] < oo.



The expectation as a ratio

Since p is a probability density,

/p(x)dle.
Therefore
oo e LI @p()
7= [ e dr = LT

We will estimate both integrals using the proposal q.

At this stage, the ratio is an exact identity.



A change of measure in both integrals

Multiply and divide each integrand by ¢(x):

Define w(x) = p(x)/q(x). Then

Although E,[w(X)] = 1, retaining the denominator will be useful.



Computable unnormalized weights

The ordinary importance weight is

Y= 0@ T o o)
Define
po(z)
wo(x) = 20(2)

e wy(x) is computable from the known functions.

o w(x) = (¢p/cq)wo(z) contains an unknown common factor.
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The unknown constants cancel

Substitute w = (¢,/cq)wp into the exact ratio:

L EglA(X)(ep/eq)un
Eq[(cp/cq)wo(X)

_ (cp/cq)Eqlf (X)wo(
(cp/cq)Eqlwo(X)]

Eq[f(X)wo(X)]
Eq[wo(X)]

)]

)]

Neither normalizing constant appears in the final expression.
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The self-normalized importance sampling estimator

Generate X1,..., X, id q.

Replace each expectation by a sample average:

7 o L300 (X wo(X5)
SNIS — l T.l_l wo (Xl) .

The factors 1/n cancel:

i1 f(Xi)wo(Xi)
g wo(X;) '

Isnis =
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Normalized weights sum to one

Define sample-normalized weights

wo(Xi)

Wi = = o -
Zj:l wo(X;)

Then

n
w; > 0, Z@z =1,
i=1

Tsnis = Zwif(Xi) .

=1

SNIS is a weighted average of the sampled function values.

Any common positive multiplier of the weights cancels.
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The computational procedure

1. Generate independent samples X; ~ ¢, fori=1,...,n.
2. Compute w; = po(X;)/qo(X;).

3. Check that S =>"7"; w; > 0 and set w; = w;/S.

n
4. Return fSNIS = ZEJ(XZ-).

i=1

If all sampled weights are zero, the displayed ratio is undefined.
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Sampling from the proposal remains necessary

Cancellation of ¢, allows us to evaluate the estimator.

We still need a method that generates samples from ¢.
e A familiar normalized proposal often has an available sampler.
e An arbitrary unnormalized ¢y does not automatically provide one.

e Markov chain methods can work with unnormalized densities, but produce
dependent samples.

The arguments here use independent samples from g.
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Ordinary importance sampling is unbiased

When density ratios w = p/q are available,

Tis = % En: f(Xi)w(X;).

i=1

Under the support and integrability conditions,

~

E[Zis] = Eq[f(X)w(X)] = E[f(X)] = T.
For SNIS, both the numerator and denominator are random.

E[An]
E[B,]

An
E[BJ need not equal
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The one-sample argument

Take n =1 and suppose wp(X1) > 0 almost surely.

Since X1 ~ ¢, R
E[Zsnis| = Eq[f (X)),

provided this expectation exists. Our target is

T =Ep[f(X)].

Whenever these expectations differ, the one-sample estimator is biased.



SNIS is generally biased at finite sample sizes

The one-sample argument disproves universal unbiasedness.

It does not establish bias for every possible p, ¢, f and n.

e If ¢ = p, all weights are equal and SNIS becomes ordinary Monte Carlo.

e If f(z) = a is constant, SNIS returns a whenever defined.

e Different distributions can give the same expectation of a particular f.
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Consistency follows from the law of large numbers

Write
1 " 1 &
- B, — —
i=1 i=1
Under the stated assumptions, almost surely,
An e Eq[fw()], Bn — Eq[wo] > 0.
Therefore
= An E [fw(]]
ZsNIS = — . =7.
SNIS B, — E, [wo}

The estimator is strongly consistent.

19



Asymptotic unbiasedness needs another condition

Asymptotic unbiasedness means
Bias(i—Sle) = E[j'Sle] —7 — 0.

Almost-sure convergence alone does not justify taking expectations of limits.

A simple sufficient setting is:
e |f(z)| < M for some finite constant M.
e The total weight is positive almost surely for every n.

Then !fSle! < M, so dominated convergence gives

]E[i-SNIS] — 7.
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Accuracy depends on both bias and variance

Whenever the second moment is finite,

MSE(Z) = Var(Z) + Bias(Z)?.

e For an unbiased estimator, only the variance contributes.
e For SNIS, both finite-sample bias and variance can contribute.
e With bounded f and positive total weights, both vanish as n — oc.

This does not imply monotone improvement at every sample size.
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What self-normalization makes possible

For p = ¢,po and ¢ = c4q0, we can estimate

using

T = Ep[f(X)]

Isnis =

i1 f(Xi)po(Xi)/q0(Xs)

1po(Xi)/qo(Xs)

Xi~q

iid

e Unknown normalizing constants cancel.

e Finite-sample bias is generally present.

e Consistency and asymptotic unbiasedness have distinct assumptions.
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