Problem Set 2

Question 1. Show that the following distributions belong to a natural exponen-
tial family (NEF), with suitable reparametrization. Hint: note that reparametriza-
tion means that the current parameters may not be suitable for showing the NEF
form; you may need to redefine distribution parameters. For example, in 1.(a),
we need to do the following reparametrization 6 = log(\).

(a) The Poisson distribution:

AT exp(—A)

p(l‘,)\) = ]

(b) The Gamma distribution with « fixed:

f(z,p) = Iﬁ;xa_le_ﬁm, x>0

where: -
INa) = / t*~ e tdt is the Gamma function.
0

(c) The Inverse Gaussian distribution with A fixed:

A\ V2 Az —p)?
f(@|p,A) = (271_963) €xp <—2MQx) ;>0

Question 2. Show that the univariate normal distribution with both mean and
variance being varying parameters, are in an exponential family.




Solutions
1.(a) Poisson Distribution
The probability mass function (PMF) of the Poisson distribution is given
by:

2z -2
p(z,\) = e' , =0,1,2,...
T

Taking the logarithm of the PMF:

logp(z, A) = zlog(\) — A — log(z!)

Thus, the Poisson distribution can be written in the following exponential
family form:

Pl \) = - exp (rlog() ~ A)

Now we let 8 = log(\), we obtain the natural exponential family form as:

p(z,0) = %exp (x@ - ee)

where 6 = log(\) is the distribution parameter.

1.(b) Gamma Distribution

The probability density function (PDF) of the Gamma distribution with
shape parameter « and rate parameter ( is given by:

f(alew B) = Fﬁ(;x“eﬁ% >0

Taking the logarithm of the PDF:
log f(z|a, B) = (o = 1) log(x) — Bz + alog(f) — log(I'(@))
Rewriting this expression in the form of the natural exponential family:
f(zler, ) = exp ((a — 1) log(x) — fz + alog(B) — log(I'(e)))

In natural exponential family form, this can be written as:

f(]0) = exp (6 — b(0)) h(z)

where:
0= _67
b(6) = rlog(—0),
He) = T

1.(c) Inverse Gaussian Distribution



The probability density function (PDF) of the Inverse Gaussian distribution

is given by:
A\ V2 Mz —p)?
f(x‘:u>>\) = (2Tl'l'3> exp <_2) y T > 0

This can be rewritten as:

A\ V2 ANz 2 1
s = (525) o (-3 (-5 +3))
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We can now express the Inverse Gaussian PDF in the natural exponential
family form:

f(@]0,2) = h(z) exp (0 — A(0))

2.
The probability density function (PDF) of the univariate Gaussian (normal)
distribution with mean u and variance o2 is given by:

Flalino?) = s exo (—(2‘0“)) |

We will demonstrate that this distribution belongs to the general exponential
family, but not the natural exponential family (NEF) when both y and o2 are
varying parameters.

We can rewrite the PDF in exponential family form as follows:

Fal ) = —=— exp (Jw—u))

Expanding the quadratic term:

1 x2 Qe u?
el o) = <= exp (— L

Y



This can be written in exponential family form:

1 nx w2 x?
2y
Flalnno?) = <= e (25 - 405 owlo) - 55
Identifying the components of the exponential family:
falp, o) = h(z) exp (m (p, )11 (2) +n2(0?)Ta(x) — A(s, 07))

where:

mp, o) = % (natural parameter for mean),

o
1
n2(p,0) = ~5g2 (natural parameter for variance),
o
Ti(z) =z (sufficient statistic for mean),
Ty(z) = 2* (sufficient statistic for variance),
1
h(z) = (base measure),
2m
12
Alp,0) = 55 +1log(0)

Note that in the equation above, we can take §; = p and 03 = 0. 7(u, o)
is a vector-valued function whose output is two dimensional (1, and 7). T'(x)
is also a vector-valued function whose output is two dimensional (7;(z) and
Ty (z)). This shows that the normal distribution with varying p and o2 is in an
exponential family.



