
Computational Statistics

Lecture 5
Introduction to importance sampling

Changing the sampling distribution while preserving the target



Learning outcomes

• Derive the importance sampling identity and identify its support condition.
• Construct an estimator using samples from a proposal distribution.
• Prove unbiasedness and derive the variance.
• Explain why the proposal can improve or worsen accuracy.
• Compare methods at equal sample size and equal computational cost.

Reading
Course notes, Section 3.1, pp. 5–6.

Importance sampling 2



Recap: direct Monte Carlo

The target is a fixed expectation

I = Ep[f (X )] =
∫︂

f (x)p(x) dx .

With X1, . . . , XN
iid∼ p,

ˆ︁IMC = 1
N
∑︂

i
f (Xi), E[ˆ︁IMC] = I.

For finite output variance,
MSE(ˆ︁IMC) = Varp(f (X ))

N .
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The cost of increasing the sample size

For the same estimator and output distribution,

Accuracy target Sample multiplier Cost multiplier∗

Divide variance by 10 10 10
Divide RMSE by 10 100 100

∗Assuming constant cost per draw and function evaluation.

Pause and discuss
Can a different estimator reduce MSE while using the same number of expensive
evaluations of f ?
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The target density and the proposal density

Object Meaning Role

p(x) Target density Part of the specified problem
f (x) Function of interest Defines the desired expectation
q(x) Proposal density Chosen for the simulation

We keep I =
∫︁

fp fixed while changing how we sample.

Note
A proposal must be a valid density that we can sample from and use to evaluate the
required weights.
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The proposal must cover the contributing region

A standard sufficient support condition is

p(x) > 0 =⇒ q(x) > 0 almost everywhere.

For a particular f , the weaker condition

f (x)p(x) = 0 almost everywhere on {q(x) = 0}

is sufficient for the expectation identity.

Why support matters
No weight can recover a contribution from a region that the proposal never samples.
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Rewriting the same integral

On the region where q(x) > 0,

I =
∫︂

f (x)p(x) dx

=
∫︂

q>0
f (x)p(x)

q(x)q(x) dx .

The support condition ensures that the omitted region contributes zero.

Pause and discuss
Which factor will play the role of the sampling density?
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The importance sampling identity

Define the importance weight and weighted output

w(x) = p(x)
q(x) , h(x) = f (x)w(x).

If Z ∼ q, then
I = Ep[f (X )] = Eq[h(Z )] = Eq[f (Z )w(Z )].

Note
The expectation has the same value even though both the sampling law and the output
function change.
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The importance sampling algorithm

1 Choose a valid proposal q and draw Z1, . . . , ZN
iid∼ q.

2 Evaluate Hi = f (Zi)p(Zi)/q(Zi).
3 Return

ˆ︁IIS = 1
N

N∑︂
i=1

Hi .

Ordinary importance sampling
The estimator averages weighted outputs. It does not divide by the observed sum of
weights.
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Direct sampling and importance sampling

Direct Monte Carlo Importance sampling

Draws Xi ∼ p Zi ∼ q
Output averaged f (Xi) f (Zi)p(Zi)/q(Zi)
Expectation I I
Choice to make Sample size Proposal and sample size

Importance sampling is itself a Monte Carlo method.
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Unbiasedness: the change of measure

Assume the support condition and
∫︁

|f (x)|p(x) dx < ∞. Then

Eq[|Hi |] =
∫︂

q>0
|f (x)|p(x)

q(x)q(x) dx = Ep[|f (X )|] < ∞.

Also,
Eq[Hi ] =

∫︂
f (x)p(x) dx = I.

Each weighted output has the correct expectation.
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Unbiasedness: averaging the weighted outputs

By linearity of expectation,

E[ˆ︁IIS] = 1
N

N∑︂
i=1

Eq[Hi ]

= 1
N

N∑︂
i=1

I = I.

Therefore Bias(ˆ︁IIS) = 0.

Note
Both methods are unbiased. When their variances are finite, their MSE comparison is a
variance comparison.
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Variance: scaling and independence

Assume H1, . . . , HN are iid with finite variance.

Var(ˆ︁IIS) = Var
(︄

1
N
∑︂

i
Hi

)︄

= 1
N2 Var

(︄∑︂
i

Hi

)︄

= 1
N2

∑︂
i

Var(Hi).

The factor 1/N is squared. Independence removes covariance terms.
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Variance: identical distributions

Define
σ2

q = Varq

(︃
f (Z )p(Z )

q(Z )

)︃
.

Then

Var(ˆ︁IIS) =
Nσ2

q
N2 =

σ2
q

N .

MSE(ˆ︁IIS) =
σ2

q
N , RMSE(ˆ︁IIS) = σq√

N
.

Proposal choice changes the constant in the square-root law.
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The second-moment expression in the notes

Since Eq[fw ] = I,

σ2
q = Eq[f (Z )2w(Z )2] − I2

=
∫︂

q>0

f (x)2p(x)2

q(x) dx − I2

= Ep[f (X )2w(X )] − I2.

Thus the estimator variance is σ2
q/N.

Finite-variance requirement∫︂
q>0

f (x)2p(x)2/q(x) dx < ∞.
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No automatic variance ordering

At the same N, compare

Varp(f (X ))
N and Varq(f (Z )w(Z ))

N .

• A suitable proposal can reduce the numerator.
• Another proposal can leave it unchanged or increase it.
• A poor proposal can make the weighted second moment infinite.

Pause and discuss
Why does the extra factor w alone not determine which variance is smaller?
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The special case q = p

If q(x) = p(x) on the target support, then

w(x) = 1, Hi = f (Zi), Zi ∼ p.

Hence importance sampling recovers direct Monte Carlo:

ˆ︁IIS = 1
N
∑︂

i
f (Zi).

Note
Changing the name of the estimator does not improve accuracy. The proposal must
provide the improvement.
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Worked example: the square integral

I =
∫︂ 1

0
x2 dx = 1

3 .

Target: p(x) = 1 on (0, 1).
Proposal: q(x) = 2x on (0, 1).
Both integrate to one. The proposal
draws larger inputs more often.
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Importance sampling 18



Sampling and weighting in the example

The proposal CDF is Q(z) = z2 for 0 ≤ z ≤ 1. If U ∼ U(0, 1), then Z =
√

U has density
q(z) = 2z .

w(z) = 1
2z , H = f (Z )w(Z ) = Z 2

2Z = Z
2 .

Therefore ˆ︁IIS = 1
2N

∑︂
i

Zi .

The simulation requires one uniform draw per output.
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Exercise: does this proposal reduce variance?

For Z ∼ q(z) = 2z on (0, 1), the output is H = Z/2.

Exercise
1 Calculate Eq[Z ] and Eq[Z 2].
2 Verify that Eq[H] = 1/3.
3 Calculate Varq(H).
4 Compare it with Varp(X 2) = 4/45 for X ∼ U(0, 1).

Hint: Eq[Z k ] =
∫︁ 1

0 zk(2z) dz . Allow three minutes.
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Solution: the proposal reduces the output variance

Eq[Z ] = 2
3 , Eq[Z 2] = 1

2 .

Eq[H] = 1
2 · 2

3 = 1
3 , Varq(H) = 1

4

(︃1
2 − 4

9

)︃
= 1

72 .

Thus
Var(ˆ︁IIS) = 1

72N <
4

45N = Var(ˆ︁IMC).

The target expectation remains unchanged.
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How large is the improvement?

Method Variance per output RMSE at N = 1000

Direct Monte Carlo 4/45 0.00943
Importance sampling 1/72 0.00373

Var(ˆ︁IMC)
Var(ˆ︁IIS)

= 6.4,
RMSEMC
RMSEIS

=
√

6.4 ≈ 2.53.

Direct Monte Carlo needs 6.4 times as many draws for the same variance.
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Failure through missing support

Keep p(x) = 1 and f (x) = x2 on (0, 1), but choose

q(x) = 21(1/2,1)(x).

The weighted expectation is only

Eq[f (Z )w(Z )] =
∫︂ 1

1/2
x2 dx = 7

24 .

The target is 1/3 = 8/24, so the estimator’s bias is −1/24.

The problem persists as N grows
Increasing the sample size cannot recover the missing interval.
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Failure through infinite variance

Now choose q(x) = 6x5 on (0, 1), which covers the support.

H = Z 2

6Z 5 = 1
6Z 3 , Eq[H] = 1

3 .

But
Eq[H2] =

∫︂ 1

0

x4

6x5 dx = 1
6

∫︂ 1

0

dx
x = ∞.

Note
The estimator is unbiased, yet has infinite MSE for every finite N. Rare small draws can
dominate the average.

Importance sampling 24



Efficiency at equal computational cost

If each weighted output costs cq and the budget is T , then

N ≈ T/cq, Var(ˆ︁IIS) ≈
σ2

qcq

T .

For the square-integral example, importance sampling wins at equal large budget when

cq
72 <

4cp
45 ⇐⇒ cq

cp
< 6.4.

Include sampling, density evaluation and function evaluation costs.
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Names for the proposal distribution

The same q may be called an

• importance sampling distribution or importance distribution;
• proposal distribution;
• biasing distribution;
• alternative distribution.

Biasing the sampling law
We deliberately change the distribution of the draws. Correct weighting still gives an
unbiased estimator of I.
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Checkpoint: diagnosing an importance sampler

1 We draw from q and average f (Zi). What do we estimate?
2 We draw from q but use weights q(Zi)/p(Zi). Is the identity valid?
3 We choose q = p. What accuracy improvement follows?
4 The proposal covers the support. Is finite variance guaranteed?

Pause and discuss
Explain each answer using the expectation or second-moment integral.
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Lecture 5 summary

I = Ep[f (X )] = Eq

[︃
f (Z )p(Z )

q(Z )

]︃
.

With valid support, integrability and iid proposal draws,

E[ˆ︁IIS] = I, Var(ˆ︁IIS) = Varq(f (Z )w(Z ))
N

when the weighted second moment is finite.

Next question
How should we choose a proposal that places samples where they are most useful?
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Optional extension: proposal design and implementation

• The ideal zero-variance proposal in the course notes.
• The qualification for functions that change sign.
• MCSE for weighted outputs.
• A runnable implementation of the worked example.

These slides are outside the core 50-minute lecture.
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An ideal proposal for a nonnegative integrand

Suppose f ≥ 0 and 0 < I =
∫︁

fp < ∞. Define

q∗(x) = f (x)p(x)
I .

This is a density, and wherever q∗(x) > 0,

f (x) p(x)
q∗(x) = I.

Every weighted output equals I, so

Varq∗(f (Z )w(Z )) = 0.
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Why the ideal proposal is usually unavailable

q∗(x) = f (x)p(x)
I .

• Its normalising constant is the expectation we want to compute.
• Exact sampling from the resulting density may be difficult.
• The identity still suggests a useful shape: concentrate samples where fp contributes

most.

Square-integral benchmark
Here I = 1/3 is known, so q∗(x) = 3x2 gives f (x)p(x)/q∗(x) = 1/3.
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When the integrand changes sign

Let A =
∫︁

|f (x)|p(x) dx with 0 < A < ∞. Cauchy–Schwarz gives

A2 ≤
∫︂

q>0

f (x)2p(x)2

q(x) dx .

The minimising density is

q∗(x) = |f (x)|p(x)
A , min

q
Var(ˆ︁IIS) = A2 − I2

N .

If positive and negative contributions both occur, A > |I|, so this minimum is positive.
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MCSE uses the weighted outputs

For Hi = f (Zi)w(Zi) and N ≥ 2, calculate

s2
H = 1

N − 1
∑︂

i
(Hi −ˆ︁IIS)2, ˆ︂MCSE = sH√

N
.

Under iid sampling, positive finite output variance and an adequate normal approximation,

ˆ︁IIS ± 1.96 ˆ︂MCSE

is an approximate 95% Monte Carlo confidence interval.

Which variability?
Use the variance of Hi , not the variance of Zi or of the weights alone.
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Implementation of the worked example

import numpy as np
rng = np.random.default_rng(2026)
N = 10_000
u = rng.uniform(size=N)
z = np.sqrt(u) # proposal density 2*z
h = z / 2 # simplified f(z)*p(z)/q(z)
estimate = h.mean()
mcse = h.std(ddof=1) / np.sqrt(N)
interval = (estimate - 1.96*mcse,

estimate + 1.96*mcse)
print(estimate, mcse, interval)

The simplified output avoids evaluating a ratio at z = 0.
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Numerical output and theoretical check

For the preceding code, with N = 10000 and seed 2026:

Quantity Value

Estimate 0.335809
MCSE 0.001165
Approximate 95% interval [0.333525, 0.338093]
Exact target 1/3
Theoretical standard deviation

√︁
1/(72N) ≈ 0.001179

A single run illustrates the calculation. Independent repetitions assess its
repeated-sampling accuracy.
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Independent practice: a family of proposals

For I =
∫︁ 1

0 x dx , use p(x) = 1 and

qa(x) = (a + 1)xa, 0 < x < 1, a > −1.

Exercise
1 Find the weighted output ha(x).
2 Determine when its second moment is finite.
3 Derive the estimator variance and identify a zero-variance choice.

Answers: ha(x) = x1−a/(a + 1); finite variance for −1 < a < 3;
Var(ˆ︁I) = N−1{[(a + 1)(3 − a)]−1 − 1/4}; a = 1 gives zero variance.
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