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Motivation: balancing simulated scenarios

Suppose a simulation output increases with a random input.

• An unusually large input often produces an unusually large output.

• A paired small input can produce a compensating small output.

• The pair average may fluctuate less than two independent outputs.

A simple construction

Draw U ∼ U(0, 1) and evaluate both f (U) and f (1− U). Each input is uniform, but
the inputs are dependent.

Example: a model driven monotonically by a scalar uncertain load.
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Pairs and marginal distributions

Let (Y ,Y ′) have the same marginal distribution as f (X ), where X ∼ p. Assume

E[Y ] = E[Y ′] = I, Var(Y ) = Var(Y ′) = σ2.

If σ2 > 0, write ρ = Corr(Y ,Y ′).

The notes’ definition

The pair is antithetic when the marginals agree and Cov(Y ,Y ′) < 0.

Equal marginal distributions do not imply independence. Negative covariance concerns
the outputs being averaged.
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Uniform reflection

If U ∼ U(0, 1), set V = 1− U. For 0 ≤ t ≤ 1,

P(V ≤ t) = P(U ≥ 1− t) = t.

Thus V ∼ U(0, 1) as well.

Y = f (U), Y ′ = f (1− U).

• The outputs have the same marginal distribution.

• Corr(U, 1− U) = −1.

• The correlation of f (U) and f (1− U) depends on f .

For an interval [a, b], reflect X to a+ b − X .
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Independent pairs

Generate independent pairs
(Y1,Y

′
1), . . . , (Yn,Y

′
n).

For uniform reflection, draw U1, . . . ,Un
iid∼ U(0, 1) and set

Yi = f (Ui ), Y ′
i = f (1− Ui ), Ai =

Yi + Y ′
i

2
.

The independent observation unit

A1, . . . ,An are independent and identically distributed. The 2n individual outputs
generally are not independent.

n pairs use 2n function evaluations in the ordinary implementation.
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The antithetic estimator

Define the antithetic Monte Carlo estimator by

ˆ︁IA =
1

n

n∑︂
i=1

Ai =
1

2n

n∑︂
i=1

(Yi + Y ′
i ).

For a transformation M preserving p,

Xi
iid∼ p, Yi = f (Xi ), Y ′

i = f (M(Xi )).

In the notes’ notation, g(x) = f (M(x)).

Contrast with Section 5.1

Here g(X ) has the same unknown mean as f (X ). No separately known control mean is
required.
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Unbiasedness

Assume Y ′ d
= Y . Then

E[Ai ] =
1

2
{E[Yi ] + E[Y ′

i ]} = I.

Consequently,

E[ˆ︁IA] = 1

n

∑︂
i

E[Ai ] = I.

• Dependence within a pair does not invalidate linearity of expectation.

• Negative covariance is needed for the variance benefit, not for unbiasedness.

• Incorrect partner marginals can change the expectation.
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Variance of a pair average

Assume equal marginal variance σ2 and covariance ρσ2.

Var(Ai ) =
1

4
Var(Yi + Y ′

i )

=
1

4
{σ2 + σ2 + 2ρσ2}

=
σ2

2
(1 + ρ).

Since different pairs are independent,

Var(ˆ︁IA) = σ2

2n
(1 + ρ).

The covariance term is retained within each pair and vanishes across independent pairs.
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A fair comparison at equal evaluations

With 2n independent evaluations, ordinary MC has

Var(ˆ︁IMC,2n) =
σ2

2n
.

Therefore

Var(ˆ︁IA)
Var(ˆ︁IMC,2n)

= 1 + ρ.

• ρ < 0: antithetic sampling reduces variance.

• ρ = 0: no variance gain at equal evaluations.

• ρ > 0: antithetic sampling increases variance.

Compared with only n MC evaluations, the ratio is (1 + ρ)/2, but the evaluation
budgets differ.
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Correlation and computational cost

At equal evaluations, the variance fraction is 1 + ρ and the SD fraction is
√
1 + ρ.

ρ Variance fraction SD fraction

−0.5 0.5 0.707
−0.9 0.1 0.316
−1 0 0

If one ordinary output costs c and a pair costs cA, then at a large fixed budget the
variance ratio is approximately

cA
2c

(1 + ρ).

Include partner evaluation, random generation, and any reusable model calculations.
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When uniform reflection helps

Suppose f is monotone on [0, 1].

• If f increases, f (u) increases while f (1− u) decreases.

• If f decreases, the directions reverse.

In either case,
Cov(f (U), f (1− U)) ≤ 0.

A sufficient condition

Monotonicity guarantees nonpositive covariance. Strict improvement requires strictly
negative covariance.

For a nonmonotone function, inspect or analyse the output covariance.
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Why opposite monotonicity gives nonpositive covariance

Let U ′ be an independent copy of U. For square-integrable a(U), b(U),

2 Cov(a(U), b(U)) = E[(a(U)− a(U ′))(b(U)− b(U ′))].

Expanding the right side gives two copies of E[ab] and two of −E[a]E[b].
• If a increases and b decreases, the two differences have opposite signs.

• Their product is therefore nonpositive for every (U,U ′).

Set a(u) = f (u) and b(u) = f (1− u) to obtain the reflection result.

Antithetic variables 12



Square example: mean and variance
Let U ∼ U(0, 1), Y = U2 and Y ′ = (1− U)2. The uniform density is p(u) = 1 on
[0, 1], so

I = E[Y ] =

∫︂ 1

0
u2 du =

[︃
u3

3

]︃1
0

=
1

3
,

E[Y 2] = E[U4] =

∫︂ 1

0
u4 du =

[︃
u5

5

]︃1
0

=
1

5
.

Therefore

Var(Y ) = E[Y 2]− (E[Y ])2 =
1

5
− 1

9
=

9− 5

45
=

4

45
.

Because 1− U is also uniform, Y ′ has the same distribution as Y :

E[Y ′] =
1

3
, Var(Y ′) =

4

45
.

Antithetic variables 13



Square example: expectation of the product
Both outputs use the same U. Thus

YY ′ = U2(1− U)2 = U2 − 2U3 + U4.

Integrating term by term,

E[YY ′] =

∫︂ 1

0
(u2 − 2u3 + u4) du

=

[︃
u3

3
− u4

2
+

u5

5

]︃1
0

=
1

3
− 1

2
+

1

5
=

10− 15 + 6

30
=

1

30
.

Dependence matters

We cannot replace E[YY ′] by E[Y ]E[Y ′] = 1/9. The paired outputs are dependent.
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Square example: covariance and correlation

Using the moments just calculated,

Cov(Y ,Y ′) = E[YY ′]− E[Y ]E[Y ′]

=
1

30
− 1

3

1

3
=

3

90
− 10

90
= − 7

90
.

Correlation divides covariance by the product of the standard deviations:

ρ =
Cov(Y ,Y ′)√︁

Var(Y )
√︁
Var(Y ′)

=
−7/90√︁

4/45
√︁

4/45
=

−7/90

4/45
= − 7

90

45

4
= −7

8
.

The inputs have correlation −1, but the squared outputs have correlation −7/8.
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Exact variance reduction in the square example
The pair average is

A =
U2 + (1− U)2

2
= U2 − U +

1

2
.

Using ρ = −7/8,

Var(A) =
4/45

2

(︃
1− 7

8

)︃
=

1

180
, Var(ˆ︁IA) = 1

180n
.

With 2n independent MC evaluations,

Var(ˆ︁IMC,2n) =
4/45

2n
.

At equal evaluations

Antithetic sampling reduces variance by a factor of 8 and standard deviation by a factor
of

√
8 ≈ 2.83.
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Visualising cancellation
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The pair average ranges from 1/4 to 1/2, while each individual output ranges from 0 to
1. Curves are analytic functions, not simulated data.
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Other distribution-preserving constructions

Symmetric normal input

If Z ∼ N(0, 1), then −Z ∼ N(0, 1). Evaluate f (Z ) and f (−Z ). For X ∼ N(µ, σ2),
reflect to 2µ− X .

Inverse CDF construction

For a distribution with generalised inverse CDF F−1,

X = F−1(U), X ′ = F−1(1− U), U ∼ U(0, 1).

Both marginals have CDF F . For monotone scalar f , output covariance is nonpositive
when second moments exist.
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A counterexample: reflection can waste evaluations

Let U ∼ U(0, 1) and f (u) = (u − 1/2)2. Then

f (1− u) = f (u).

The outputs are identical, so ρ = 1 and A = f (U).

Var(ˆ︁IA) = σ2

n
, Var(ˆ︁IMC,2n) =

σ2

2n
.

At equal evaluations

This reflection construction has twice the variance of ordinary MC. It is a candidate
pairing, not an antithetic pair under the strict definition.

Likewise, f (z) = z2 gives identical outputs at z and −z .
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In-class exercise: perfect cancellation

Let U ∼ U(0, 1) and f (u) = a+ bu for fixed a, b.

1. Find the target I = E[f (U)].

2. Compute A = {f (U) + f (1− U)}/2.
3. What is Var(ˆ︁IA)?

Solution:

I = a+
b

2
, A =

a+ bU + a+ b(1− U)

2
= a+

b

2
.

Thus the estimator is exact for every draw. If b ̸= 0, ρ = −1. If b = 0, both outputs are
constant and correlation is undefined.
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Lecture summary

For n independent pairs with equal marginal variance σ2,

ˆ︁IA =
1

n

∑︂
i

Yi + Y ′
i

2
, Var(ˆ︁IA) = σ2

2n
(1 + ρ).

• Correct marginal expectations give unbiasedness.

• Negative output covariance reduces variance at equal evaluations.

• Uniform reflection works for monotone scalar integrands.

• Reflection can fail for nonmonotone integrands.
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